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1. ABSTRACT 

We first define Pseudo-Calabi flow, as 

Then we prove the well-posedness of this flow including the short time existence, 
the regularity of the solution and the continuous dependence on the initial data. 
Next, we point out that the L°° bound on Ricci curvature is an obstruction to the 
extension of the pseudo-Calabi flow. Finally, we show that if there is a cscK metric 
in its Kahler class, then for any initial potential in a small C^'" neighborhood of 
it, the pseudo-Calabi flow must converge exponentially to a nearby cscK metric. 
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2. Introduction 

A renowned problem in Kahler geometry is to find a constant scalar curvature 
Kahler metric (cscK) in an arbitrary Kahler class. When restricted to the canonical 
Kahler class, a cscK metric is nothing but a Kahler-Einstein metric (KE). The cscK 
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metric satisfies a (totally nonlinear) 4tli order partial differential equation of the 
Kahler potential, and the usual variational method is difficult to apply. Calabi 
[3] [3] suggested to use the heat flow method: 



which has become known in the literature as the Calabi flow. A critical point of 
this Calabi flow is precisely a cscK metric. This flow has been actively studied in 
recent years (c.f.[24][T2][T8][16][T7][54]---)- However, the remaining technical diffi- 
culties are still daunting simply because it is a 4th order flow. 

One wonders if we can take "square root" of the Calabi flow. If so, then it will 
become a 2nd order flow and we can reduce it to something we are all familiar with. 
What we propose here is a very natural approach (where we call it Pseudo-Calabi 
flow): 



In the canonical Kahler class, this flow will reduce to the famous Kahlcr-Ricci 
flow. If we start with a metric in general Kahler class, the leading term on the 
right hand side is the same as the Kahler- Ricci flow (the logarithm of volume ratio 
between the evolving Kahler metrics and the flxcd reference metric). However, there 
is an additional, unpleasant term, which is 0th order pseudo-differential operator. 
It is this additional term which makes things very subtle. Nonetheless, it is crucial 
that the cscK metric is the flxed point of the pseudo-Calabi flow. Moreover, in 
the space of Kahler metrics equipped with the Calabi gradient metric, the pseudo- 
Calabi flow is the gradient flow of the if-energy (see Remark l4.ip . 

We first prove the following theorem: 

Theorem 2.1. // the initial Kahler potential is in C^-°'{0 < a < 1), then the flow 
exists for short time. More importantly, it becomes smooth right after t > 0. 

Following the corresponding work in the Calabi flow (|18j...). we have 

Theorem 2.2. The L°° hound of the Ricci curvature is the obstruction to an 
extension of the pseudo-Calabi flow. 

In order to make a case that the pseudo-Calabi flow is the right approach, we 
need the following stability theorem. 

Theorem 2.3. // there is a cscK metric in its Kahler class, then for any initial 
potential in a small C^'" neighborhood of it, the pseudo-Calabi flow must converge 
exponentially to a nearby cscK metric. 

Remark There is an important earlier work in geometric flow which is essential 
a variant of this flow. In a very interesting work |50j . Simanca considered the so 
called "extremal flow" ^ = —Gt{St — irtSt) = F{(p), where ttj is L^-orthogonal 
projection operator onto the space of real holomorphic potentials. In a sense, it is 
a slight variation of the "Pseudo-Calabi flow" , which we consider here, by a lower 
order term. One of main motivations for such a modiflcation is that fixed points 
of the extremal flow S — ttS are precisely extremal metrics. We believe that our 
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version has a simpler concept and it can also be viewed as a generalization of the 
Kahler-Ricci flow to the non-canonical Kahler class, since it agrees with the Kahler- 
Ricci flow in the canonical class. Simanca proved the short time existence of the 
extremal flow for the G-invariant initial Kahler potentials in the space C(^ti+i.o) with 
the norm \\ip\\ = sup(gj{supQ<^<;,_|_]^ ||(?[f ||^^2(fc+i-r),2} provided that 2k > n + 2. 
First of all, he chose an approximate solution in a small time interval by solving 
heat equation with the given G-invariant initial data. Secondly, he used semigroup 
method to obtain the solution v of the linearized equation with the coefficient which 
is determined by the approximate solution. Thirdly, following Kato's program in 
[55] . he defined a map by solving Xip — F{ip) = —v{t) + X{(po + Jq v{s)ds) for some 
real number A, such that A — F^^ is an isomorphism. Finally, he obtained the fixed 
point of this map and solved the extremal flow. It is a nice work indeed. However, 
the proof is difficult to comprehend (from the standard PDF point of view), and 
our assumption on regularity of initial data is weaker. 

Guan [55] defined a modified Ricci flow -^g = ~Ric{g) + HRic{g) + Lyg where 
HRic{g) is the harmonic part of the Ricci form and F is a real holomorphic vector 
field. Then he considered the problem of finding generalized quasi-Einstein metrics. 
This flow is another complicated variation of the pseudo-Calabi flow. Guan claimed 
the short time existence of his flow with G°° (M) initial data by a very brief outline. 

We remark that, when M admits no holomorphic vector field, these three flows 
coincide. However, the soliton solutions formed under these three flows are differ- 
ent. We do believe our flow is the simplest which allow us to focus on the main 
challenges which are arisen from the geometric aspects of cscK metrics. 

Acknowledgements: The second author would like to thank Professor W. Y. 
Ding for constant encouragements over the past several years. He would also like 
to thank Professor S. B. Angenent for introducing him his paper [1] and Professor J. 
Y. Li, Professor J. Qing, Professor Y. D. Wang, Professor M. J. Zhu and Professor 
X. H. Zhu for their helps and encouragements. Thanks also go to ICTP, USTC and 
UW-Madison for their hospitality during the time when part of the work was done. 

We wish to thank Professor S. Simanca for carefully reading an earlier version 
of this manuscript and for his helpful comments. 

3. Notations and setup 

Let M be a n-dimcnsional compact Kahler manifold, is a Kahler form belong- 
ing to a fixed Kahler class 17. In the local coordinates (zi, 2:2, ■ ■ ■ 2;„), we have 

w = — ^ ^ g.^dz' A dz^ . 

i=l 

n 

The Rimannian metric corresponding to uj is given by g = ^ gfjdz^ (g) dz-' on 

i=l 

T^{M). Written in this form, the metric g is Kahler if and only if 

„ , dgfj dg^-j 
9ii = 971 = and ——r- = „ . . 
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The volume form is the (n, n) form 

dV = cj["l = ^ = (^^ ) dctlgfAdz^ Adz^ A--- Adz" A dz"". 

nl 2 ■ 

For each w € 17, the corresponding Ricci form 

Ric = Rfjdz' A dz^ = -^^ddlog{uj") 

1=1 

is a closed form, in which log(w") is generally not a globally defined function on 
M. The first Chcrn class is Ci{M) ~ The scalar curvature is the contraction 

of the Ricci curvature 

S = g^R^ 

and the Futaki potential / is the real value solution of 

A^/ = S-S 
with Jj^j e-f'uj^ = V. Furthermore, since 

Slo" ^ nRicALo"-\ 
we obtain that the average of the scalar curvature is 



which only depends on the Kahler class [lo]. The space of Kahlcr potentials is 
defined as 

3^ = {<y9 e C°°(A/, R)\uj + ^^ddif > 0}. 
Donaldson [27], Mabuchi [iS] and Scmmes [IS] defined a Riemannian metric as 

/l/2^^ 

for any /i,/2 G Tip^K, under which CK becomes a non-positive curved infinite di- 
mensional symmetric space. Chen |11| proved that any two points in !H can be 
connected by a C^'^ geodesies and J{ is a metric space. Later, Calabi and Chen 
proved K is negatively curved in the sense of Alexanderof in [6]. The space of 
normarlized Kahler potentials is defined as 

?{o = {<y5 e C°"{M,R)\lu + ^^ddip > and I{ip) = 0}, 

where 

Calabi [5] suggested another metric on 5{, 

(3.2) / 4/i^/2j< 

for any /i,/2 G T^Jio- It is computed in Calamai [7] that the Calabi's gradient 
metric on CKq admits a unique Levi-Civita connection. 
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The pseudo-Calabi flow is defined as 

d 



g{o) = 90, 

in the fixed but arbitrary Kahler class fl. According to the definition of the Kahler 
condition we see that the pseudo-Calabi flow preserves the Kahler condition, i.e. 

Theorem 3.1. If go is Kahler, then g[t) is Kahler if g(t) satisfies the pseudo-Calabi 
flow. 

The equation for the Kahler form is: 
(3.3) ^ = -^^^^' 

[ ^ifiO) = ^0- 

We observe the following: 

Theorem 3.2. The pseudo-Calabi flow preserves the Kahler class. 

We now show that, when the class il is the canonical class, the pseudo-Calabi 
flow is just the Kahler- Ricci flow. First, we recall that the Kahler-Ricci flow is 



where A is the sign of the first Chern class. Its potential equation is 

dip 

— ^ h + Xip- h^, 
ot 

where h^j, the Ricci potential of the background metric, satisfies 

Ric{uj) — Xuj ~ ^ ^ ddh^ 

with Jj^^ e'^'-'o;" ~ V and eT^^^'f^^^uj^'^ = V. Next by definition, we have 

A^/ ^S~S^ -A^(h + X^- h^). 

Then the maximum principle implies that f = —h — Xip + hi^. Finally we conclude 
that f^j = Rfj — Xg^fj, i.e. the pseudo-Calabi flow in the canonical class coincides 
with the Kiihler-Ricci flow. 

An observation which is used in the sequel is that the pseudo-Calabi flow can 
be written as a pseudo-differential Monge- Ampere flow. The potential equation of 
our flow is 

dip 

(3.4) { ~'^~dt 

ip{0) = ipo. 

According to [18] , we have a decomposition of the scalar curvature as 

= -A^/i + tr^Ric{uj), 

in which 



Atp-r— — A^/ — S^p + S_, 



= log ^ = log 



w" det(5,j) 
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Therefore the pseudo-Calabi flow can be rewritten as 

(3.5) ^ = -f + c{t) = h-P + cit), 
where 

(3.6) A^P = tr^Riciu) - 5 = g'^Rgiu) - S 
under the normahzation condition 

(3.7) / e^Lj" = y. 

Jm 

The function P is well defined since we have /^^ tr^Ric{uj)ijj'^ = Since the 

volume is invariant along the pseudo-Calabi flow, we can choose 

(3.8) / e^+^c^«^y. 

JM 

such that c{t) = 0. Note that for any ci(t) and C2{t) defined by two different 
normalization conditions, the corresponding solutions of (j3.5p with the same initial 
data only differ by the constant ci(s) — C2{s)ds. 

4. Energy functionals 

In this section, we assume that Lp{t) is the C°°{M,g) solution of the pseudo- 
Calabi flow. According to Theorem 13.21 we see that the flow keeps the volume 
fixed, so the flow can be viewed as some kind of "normalized" flow. Since the 
flow preserves the Kahler class and the average of the scalar curvature S_ is an 
invariant of the Kahler class, S_ stays constant under the flow. The most important 
observation here is that the if-energy is decreasing along the flow, which makes it 
reasonable to search for cscK metrics using the pseudo-Calabi flow. 

The A"-energy is defined by Mabuchi [JS] as the following 

(4.1) i^Uv) = f' f ^{r){S^ir) - S)uj;^r)dr 

^ Jo JM 

where ipir) is a path from to ip. 

Theorem 4.1. The K-energy decreases along the pseudo-Calabi flow. Further- 
more, the t-derivative of the K-energy achieves zero at some t if and only if Lj^^^f-j 
is a cscK metric. 



Proof. Plugging (|3.4p in (|4.ip , we obtain the derivative of the if-energy along the 
flow: 

V JM ^ JM 

So the i^T-energy decreases along the flow unless V/ = 0. Hence (/(io) is cscK for 
some or g{t) converges to a cscK metric as t tends to infinity if the X-energy is 
bounded from below. □ 

Remark 4.1. Since the derivative of the X-energy at Lp is 

^ JM 

we conclude that p.Sp is the gradient flow of the /C-energy in the space J{o with 
the Calabi's gradient metric (|3.2p . 
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5. Short time existence of the pseudo-Calabi flow 

Let C^'°'[M,g) be the completion of the smooth function under the C^'" norm. 
It is called little Holder space in customary literature. We shall show that the 
Cauchy problem for the pseudo-Calabi flow, 



d 



ip = h- P, 



(5.1) 



dt 

A^pP = tripRic{u!) — S_, 



with the normalization condition p.7p and p.Sp has a short time solution for any 
initial Kahler potential in C^'"(Af, g). 

The proof of local existence with the C^'" initial data is quite different from the 
case of smooth initial data. DaPrato-Grisvard [25], Angenent [I] and some other 
mathematicians developed the abstract theory of local existence for the fully non- 
linear parabolic equation. They have [25] constructed the continuous interpolation 
spaces so that the linearized operator stays in certain class. 

We apply their ideas to prove the short time existence. 

• We first linearize the fully nonlinear equation at the initial data. 

• Next we derive a priori estimates, related to our special solution space, and 
apply it to prove the linearized equation has a local solution by using the 
contraction mapping theorem. 

• Then using Remark 15.31 a key decomposition of the initial data, we derive 
the energy inequality. Combining the former inequality with the Sobolev 
imbedding theorem and the bootstrap method, we obtain a priori estimates 
of the solution to the linearized equation. Thus, the solution exists for all 
the time and its C^'" norm is continuous in t. 

• Finally we construct a sequence of solutions to the linear approximation 
equations, and show that it is a contractive sequence by choosing small 
time or small initial data. 

Let (a;i , • • • , X2n) be the local real coordinate. We fix a background Kahler metric 
g e C°°{M,g) in [w]. Let Qt = M x [0,T] be the time-space. The point and the 
distance in Qt are denoted hy X = {x,t) and d{X,Xo) = {d{x,xo)^ + 1^ ~ ^o|)', 
respectively. The Holder spaces on Qt are defined as the following: 



C' "{Qt) = C'+'^-'^{Qt) = WMl+o.,l±^ - l^lcOiQr) + \DMc»iQr) 

\ip{x,t) - 'fi{x,s)\ 



sup 



l + Q 

S 2 



C'-^iQT) = C^+"'^+^(Qt) - {^11^12+.,!+^ 



'^IcO(Qt) + \Dx'^\cO{Qt) 
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The Sobolev spaces are defined as 

W^'^iQr) = {^|[ I |^|V)5dt]^},T^'^^(QT) = L'^{Qt), 
Jo Jm 

W^'-'iQT) = We L\Qt) with II^SAVI|l=(m) < oo}, 

0<|p|+2g<2fe 

W^2'°(<3t) = {<<5|||<Pl|2,Qr + I|Vv3||2,Qt < O^}, 

V2(Qt) = We WI'\Qt)\M\v,(Q,) - sup ||^(t)||2;M + ||V(^||2,Q, < Oo}. 

0<t<T 

We denote 

= C°([0, T], C'^+^+a^^.f^ ^ ^1 T], C'=+"(M, g)) 

which equipped with the norm || • ||;^fc = maxo<t<T[||9t • Wc''," + II ■ llc'^+^-o]- We 
also denote 

X!^ ^ C°([0, T), C'^'+2+"(M, g)) n C^dO, T), C^+°'{M, g)). 

Here, all the derivatives and norms are defined with respect to the background 
metric uj. We shall prove the following results. 

Theorem 5.1. Suppose that Lp^ E C'^'"{M, g) satisfies Xw < (^ip^o) < Aw for some 
positive constants A and A. Then under the normalization conditions (|3.7p and 
p.Sp . the Cauchy problem for the pseudo-Calabi flow (|5.ip has a unique solution 

Lpix,t) e x^, 

where T is the maximal existence time. 

Remark 5.1. If in addition (po G C^'°'{M,g) we obtain (p{x,t) G X^. 

Theorem 5.2. Let M admits a cscK metric uj. Suppose that (po e C'^'°'{M, g) 
satisfies Xlj < i-^ip{Q) < Aoj for some positive constants A and A. Then for any 
T > there exits a positive constant eQ(T,g). If \'Po\c^'''{M,g) ^ £o; then the 
equation has a unique solution on [0,T] , and 

WfWxo < C'eo, 

where C depends on M , g and T . Furthermore eo goes to zero, as T goes to infinity. 

Remark 5.2. The imbedding theorem (|5.14p implies that the solutions in both 
theorems satisfy Dijip g C"''^(A/ x [0,r)). Then using the equation (|5.ip we 
obtain LP e C2+"'i+t(M x [0,T)). 

Chen's conjecture [M] says that a global C^'^ /ST-energy minimizer in any Kahler 
class must be smooth. This conjecture has been proved in the canonical Kahler 
class via the weak Kahler- Ricci flow [H] [H] [13] [JT] . We hope that the pseudo- 
Calabi flow will be the right approach to solve this conjecture. In Subsection 15. 5[ 
we obtain a partial estimates related to this conjecture. 

Remark 5.3. For any ipo £ C^'", we can choose a smooth function (j) which approxi- 
mates (po in C^'" norm. Let (p ~ cj) — (f>uj". Then we replace the reference metric 
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w and by w = cj + ddcj) and cpo = tpo — cf) respectively in the equation (|5.ip . 
so that 

00 . det{gfj + 
m-'^^^^) 

(^(O) = (^o = </?o-0eC2^"(A/). 
It is obvious that ip + (j) gives the solution to the original equation. Here \<po\c^.a(^M) 
could be small enough to be used later. Moreover, we have Cb ^ uj + ^^^^ddcj) > 0, 
since w,^,, — u) = dd(fQ is sufficiently small. 

Proof, (proof of Theorem 15. ip To prove the theorem we employ the idea of the 
inverse function theorem in [2j |37j and its adaption to a parabolic equation in 

mm- 

We introduce the following notations 

J=[0,T],Ei^ C^'"{M),Eo = C"(M), 
X = {ipeC\j,Eo)nC''iJ,Ei)\\\ip\\x 

= max(||at<y9||c°(M) + W^Wc^'^iM)) < oo}, 



Y^{^,^{ipi,ip2) e C''{J,Eo)x EiiimiY 
= max ||cpi||c=(M) + ||'P2||c2^=(M) < oo}. 

Let U ~ {lp £ Ei\ujip > 0}. Then U is an open subset of Ei and ipo € U. We 
define the map $ from U to F as the following 

(5.2) <i> ■.C"{J,U)nC^{J,Eo) ^ C°{J,Eo) x U, 

ip {dt(p - h + P,ipo)- 

Note that the pseudo term P{cp) belongs to C^{J, Eq) by Lemma \5M which we will 
prove below. Moreover, Lemma 15.61 assures $ is infinite Frechet differentiable at 
any point of U. Choosing the approximate solution 

(5.3) 0{t) = ^o on[0,T], 
we get 

(5.4) $(^) = i-hiipo) + P{ipo),^o) = (^, ^o) = ^0. 

Now we compute the linearized equation in a usual way. Let the variation of (p 

be 

Differentiating both sides of p.6p . we get 

A^P + A^P = -w*J%(w). 

Thus we obtain 

A^P = «'5[/^j-i?,j(c.)] = -i;%. 

Here the (1, l)-tensor 

(5.5) T,- = -P^ + R^(u;) 
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is a harmonic tensor which is smooth when e C'^ . Since $ is at least C-^ Frechet 
differentiable in U, we get 



<P'{^):C°{J,Ei)^C''{J,Eo)xE: 
,dv 

m 

Here the function Q satisfies the foUowing equation 



w (— - A^w - Q,vo). 



(5.6) A^Q - v'^T^ - ^v'' - 
with the normahzation condition 

(5.7) / Qe^^'^^w" = 

by differentiating 1^1}. Then Q belongs to C"{J,Eo), according to Lemma 15.61 
By using the following Proposition 15.41 for special case if = ipo, we deduce that the 
linearized operator <f''(<^) is a linear isomorphism. 

In order to seek a unique solution ip satisfying the flow equation $(1^9) — (0, (po), 
firstly we introduce the closed ball of C'^{J, U) by 

5(0, e) = {pe C"(J,[/)|max||p||c2,»(M) < e} 

for some e determined later. Then for any p G B{0, e) we define a map A by 

(5.8) Ap= [$'(^)]-i[V;-$(^ + p)]+p. 

Letting po = 0, we obtain a sequence by Pn+i = Apn inductively. Secondly, we 
show that pn is a contractive sequence. For any pi and p2 in B{0, e), we compute 

Api - Ap2 = [$'(^)]-M / ['^'((^ + .SP2 + (1 - s)pi) - $'((^)](P2 - Pi)]ds. 

Since $ is a map on open subset U, there exists a small constant e such that 

1 



||$'(^ + SP2 + (1-S)P1)-$'(^)|| < 



2||[$'(^)]-i||- 
Consequently, we obtain 

(5.9) max\\Api ~ Ap2\\c^.^ < i max||p2 - PiHc^^-- 

[0,1] Z [v.I \ 

Moreover, for all T' < T, e is uniform since ||['i>'((^)]~^|| > ||^,^--^|| is uniformly 
bounded below. Thirdly, we verify that A maps B{0,e) into itself. By the triangle 
inequality and (15.91) we have 



max I |^p||c'2,Q < max I \Ap — ApaWc-^.a + max I MpoHc^.a 

[O.T] ' [O.T] [O.T] 

< i£ + maxP(0)||c2,= . 

z 10,-1] 

To estimate the second term, we use (|5.4p and (j5.1ip to obtain 

^(0) = [$'(^)]-i[(0,^o) - <I'(^)] = [<l''(^)]-H/^(^o) - P{vo),0) e X. 
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A^w - Q{v) = h{ipQ) - P{(Pq) in Qj 



According to Proposition [531 ^(0) solves the following equations, 

r dv 

'di 

A^Q{v) = v'^T^j in Qt, 
w(0) = 0. 

Since v is continuous in t by Lemma l5.331 one could choose a time T2 small enough 
such that 

(5.10) max||w||c2.„(jvj) < -. 

Note that < T, after we replace the time T by T2 in all of the argument 
above, both the spaces X, Y, and the mappings $ and ^'{(p) may change. How- 
ever the result in Proposition 15.41 and the contraction property of the mapping A 
remain valid. Meanwhile, since the injectivity of the linearized operator implies 
[$'((^)]^^^[i/' — 'I'(<^)|t2] = v\t2, the following inequity holds 

maxP(0)||c2..(M) =max||[$'(^)]3;^i[V^-$((^)|Tj||c2,»(A/) < ^e. 

Hence, A is a contractive mapping and it maps 5(0, e) into itself. So the con- 
traction mapping theorem implies that there do exists a fixed point p G i3(0,e) 
such that ip = ^{(fio + p) E C'^{J,U) is a solution of (|5.1|) on the small lifespan 
[0, T2]. Furthermore, we deduce cpo + p £ U from the equation (|5.ip . Therefore the 
main Theorem 15.11 follows by solving the flow equation with the initial data, given 
by the value of the solution at the end of the previous interval, till the maximal 
existence time T. □ 

Remark 5.4. In fact, we can produce the approximate solution by using the follow- 
ing Monge- Ampere type flow 

since Cao [8] proved the long time existence of such flow. 

Proof, (proof of Theorem I5.2p In order to solve $(1^9) = {0,(po), we only need to 
verify the following inequality 

maxP(0)||c2..(M) =max||[$'(0)]-i(0,¥.o)||c^-(A/) < ^s. 

So it suffices to choose (po such that |(/?o|c2'° is a small constant depending on T. 
Thus, the rest of the proof of Theorem 15 . 2 1 follows along the same lines of the rest 
of the proof of Theorem 15.11 □ 

5.1. Continuous dependence on initial data. The continuous dependence on 
initial data of solutions is used to study the stability of the pseudo-Calabi flow near 
a cscK metric which is the equilibrium solution of this flow. 

Theorem 5.3. If (p is a solution of (|5.1|) for initial data 0o on [0,r], then there is 
a neighborhood U of (j)o such that (j5.1|) has a solution ip{t) on [0,T] for any ipQ € U 
and the mapping ipo 1-^ (p{t) is for fc = 0, 1, 2, . . . 
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Proof. We derive, substituting if) ~ ip — ip^ into the potential equation ()5.ip . 

o , .n 

^V' = log^-P(^ + ^o), 
^i'+iPoPii^ + Vo) = tr^,+^„Ric{uj) ~ S_, 
V'(O) = 0. 

It is obvious that its solution plus (po gives the solution of (|5.ip . Analogously to 
the mapping (|5.2p . we define a mapping as 



^o) ^ St^A - log ^^^^ + P{i' + ipo). 



$ : C\J, Eo) n C"(J, [/) X J7 ^ C"( J, £;o), 

LO" 



Then we have ^o, '/'o) = and the Frechet derivative with respect to ijj at 

0o,0o) is given by 

'^'i<j)~(bo,M-C\J,Eo)nC''iJ,Ei)xEi^C°iJ,Eo), 

dv 

We apply Remark 15.31 and Proposition 15.41 with ip = <j>. Hence $'(</> — (j)o, (j)o) is an 
isomorphism and the theorem follows from the implicit function theorem. □ 

5.2. The main proposition. From here on we shall simply write p for both ap- 
proximate solutions p> and (j). We are going to prove the following proposition for 
p); we stress that p may depend on t. Due to Remark 15.31 can further assume 
that p satisfies 

(5.12) ma-x\p(t)\c2.o, < 5 < 1 

[0,T] 

for some S to be determined later. Generally, we introduce the space 

(5.13) Vs = {^P e C°i[0,T],U)\max\^P{t)\c2.. < S}. 

[0,T] 



Proposition 5.4. Under the normalization condition ()5.7p the linearized equation 
( dv 

— - A^v - Q = u{x, t) m Qt, 
at 

A^Q{v) = v'^R,jiu) - P,j) in Qt, 
w(0) = w, 



(5.14) 



has a unique solution v{x,t) £ X, for any u{x,t) £ C*'([0, T], C"(Af )) and w G 
C2.a(M). 

Since the linearized operator is not self-adjoint, we can not use the Fredholm the- 
ory directly. In order to prove the Proposition 15. 4[ we first show that the linearized 
equation has a short time solution by using the contraction mapping theorem. 
Then we prove that the solution of the linearized equation exists for any t. Before 
demonstrating the procedure, we need the following technical lemmas. 
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5.3. The technical lemmas. Wc first deal with the pseudo-differential term P 
which satisfies (|3.6p and p.7p . The following identity is computed directly. 

Lemma 5.5. Suppose that ipi and (p2 are two C^'" Kahler potentials. Let ga = 
ag^p^ + (1 — a)g^p-^ . We have 

(5.15) A^,(P(^i) - = - / g'lgt'di^i ~ ^2)kiiRrj - ^(^2).j). 

Jo 

The regularity of P in the space direction can be improved due to the regularity 
of (f. 

Lemma 5.6. For any (p{x,t) <E C^{[0,T],U), we have 

P eC°i[0,T],C^+°'{M)) 

and 

% = -P^J + %(^) e C"([0, T], C"(M)). 
Proof. Since (p{x,t) e C"([0,r], U), we have 

tr^Ric{uj) - Se C°{[0,T],C°'{M)). 
It follows directly from the Schauder estimate that 

Pe L°°([0,T],C2+"(M)). 

Let 

9v(ts} = + (1 - s)3v(t2)- 

Then we plug (pi = f{ti) for i = 1, 2 in (|5.15p to get 

A^(t,)(P(tl) - P{t2)) = - ^ - ^{t2))u[R^M - Pit-^h]- 

Freezing the coefficient by the fixed metric w, we get 

(5.16) A(P(ti) - P{t2)) = (A - A^(,,))(P(ti) - P{t2)) 

- / <i)4(*.)^^(^(^i)-V'(*2))fcH^:^5M-^(i2),j]. 



Let / = P{ti) — P{t2). Then the Green representation gives 

/ - / Z'^" = / A/ • G(.g)(a;, y)c."(y) 

which implies 

(5.17) I/-/ fLo-\<5\D^f\ + C\D\^{t^)~^{t2))\ 

by condition ()5.12p . Since the normalization condition p.7p implies both supjv^ P 
and — infM P arc nonncgativc, we infer that 

0<sup/< / fLo^ + 5\D\f\ + C\D^{^{t^)-^{t2))l 

M Jm 

0>inf/> / fu'' -6\D\f\-C\D^{^{ti)~^{t2))\. 
Then it follows that 

^5\D''f\-C\D\^{t,)-^{t2))\< I fLo-<5\D-'f\ + C\D\v[t,)^v[t2))\. 

JM 
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So by ([5Tf| we get 

\f\<2S\D'-f\+C\D\^ih)-^it2))\. 
By applying the Schauder estimate to (|5.16p again, we deduce that 

|/|C-°(M) < CiS\D'f\ + \D'{^{h) - ^{t2))\ + \D'{^{h) - ^(<2))|c=(M)). 

Let S be small enough so that 

|/|C^-(A/) < C{\D\^{h) - VP(t2))| + \D\^{h) - v{t2))\c^iM))- 

Then \P{t)\(j2,a is continuous with respect to t, since if E C°([0, T], U). □ 
Now we construct a sequence of smooth Kahler potentials approximating ip in 

c°([o,r],c2'«(M)). 

Lemma 5.7. For any C^'"(Af) Kdhler potential ipo, there exists a sequence of 
smooth Kdhler potentials ipn such that 

lim \ipn - ipo\c^-«(M) = 0. 

n— >oo 

Moreover, the corresponding harmonic tensors 

Proof. Let 00 = Acpo. We select a sequence of smooth functions 0„ such that it 
converges to (l>o in C"(M). Let (p„ be the smooth solution of A(pn = with the 
normalization condition (fin^" = 0. The Schauder estimate implies 

Meanwhile, the Green representation gives the following L°° bound of (pn 

\fn ~ ',5o|c»(j\/) < C{\(l)n - (polcOiM))- 

Then by combining these two estimates, we have is a Kahler form and the first 
part of the lemma follows. The second part of the lemma follows from Lemma 15.61 
by replacing P{ti) and P{t2) with P{fn) and P{(po) respectively in (|5.16p . □ 

Lemma 5.8. For any ip{x,t) G C^{[0,T],U), there exists a sequence of smooth 
Kdhler potentials ip„ such that 

lim max|.^„ - (po|c2.°(A/) = 0. 

n— foo [0,T] 

Moreover, the corresponding harmonic tensors satisfy 

lim max |r„- - To-|c°(m) = 0. 

ra— >oo [0,T] J V / 

Proof. Similar to Lemma [5.71 Lp„ G C°°{M x [0,r]) is obtained. The rest part of 
the lemma follows from Lemma 15.61 □ 

For lacking of maximal principle, the following lemmas play an important role 
in solving the linearized equation Q satisfying (|5.6p and (|5.7|) . Let H^{M,g^) = 
[r] G HP{M,g^) \ Jj^j rjojj^ = 0}. Analogously to P, the function Q is characterized 
by the following lemmas. 
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Lemma 5.9. Suppose that ipi and ip2 are two C^'" Kahler potentials. Let Qa 
0-9^2 + (1 ^ ^)9vi ■ have for any functions vi and V2 

-«f(F(95i)-P(^2)).H- / g^^g':H^2-^i)kiQi^2hda. 



Similarly to Lemma 15.61 we have 

Lemma 5.10. For any ip{x,t) G C"([0,r],C/) and any v G C"([0, T], C2+«(M)), 
we have 

Q e C*'([0,T],C2+"(M)). 

The following lemma enables us to derive the bound of Q. 

Lemma 5.11. Suppose that ip Q U. For any rj G H^(M,g^p), let p he the solution 
of l^ipP = r] given by the theory. Then we have 

\\P''\\2-M;g^ = lhll2;M;g^, 

and for all p > 1, there exists 
Proof. We compute for p ~ 2 

J M 

For p > 2 the lemma follows from the estimate. □ 

Lemma 5.12. Suppose that ip ^ U . If v G L'^{M), then there exists a weak solution 
Q e L'^{M) of (|5.6p in the distribution sense, for any ( e C°°{M) 

M JM 

Moreover, for any rj G L'^{M) 

/ VQl^v - I^|o;QtII«I|2;m||?7||2;J\/- 

Jm 

Proof. According to Lemma 15.81 there exist three sequences of smooth ipn, T^i] 
and Vn such that ip,, ^ ^ in C"([0, T], C^'"), r„,j ^ Tfj in C°([0, T], C") and 



in L'^{M). Let Qn be the smooth solution of the equation 



A O = v^^T - = (v T 

'-^if^n "n-^nij \^n-^mj) 

and p be the VF^'^(Af) solution of 



Note that we have 



I M V JM JM JM 
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Then by invoking Lemma 15.111 and the Holder inequahty, we have 



1 

M ^ JM 



ViQn - — /_ _Q„a;^)w^ < \\p''\\2;M,gJ\VnTnij\\2;M,g^ 



< C|r„|o;Qy ||?7||2;A/|K'n||2;A/- 

It foUows that Qn — y Jj^j Qn'-^l^ wcakly converges to some function Qi in L'^{M). 
Furthermore, since for any C, G C°°{M) 



M JM 



after taking the hmit we obtain the desired weak solution Q = Qi — ^ — ePMuj^^ ^ 
L'^{M), whence the lemma follows. □ 

By using the estimate instead of the estimate, we can deduce that 

Lemma 5.13. Suppose that (p € C°{[0,T],U). If v € LP{Qt), then there exists a 
weak solution Q € LP{Qt) of (|5.6p in the distribution sense, for any C £ C°°{Qt) 

A^CQuj'^dt^ f vT^^C^uj^dt. 
Jqt 

Moreover, for any rj G L'^{Qt) with p,q > 1 such that ^ + i = 1, we have 

< C\T\o.Q^\\v\\p.Q^\\T]\\q.Q^. 

Now we generalize a priori estimates for parabolic equation in a bounded domain 
to an arbitrary Riemannian manifold M. We introduce some function spaces first. 
Consider the following space 

S([0,to],C'='"(M)) = {v{t) e C°{M),ytG[0,to]\ sup \\v\\c^.. < oo}. 

[O.to] 

Define also 

C"'°(M X [0,to]) = {v e C\M X [O,io])b(t,-) e C"(A/),Vt G [0,to]}; 
equip this space with the norm 

||w||c°-0(A/x[0,to]) = sup |w(t)|c2.-(M)- 
0<i<to 

Finally consider the space 

C2+"'i(M X [0,io]) = {vG C^'HM X [0,to])|A«, Aj« e C"(Af),Vi e [0,to]} 
endowed with the norm 

n n 

+ ^\\Div\\oc + \\Dtv\\c«.o + ^ \\Dijv\\co.,o. 

i—l i-.j — ^ 

We cite an imbedding Lemma 5.1.1 in Lunardi's book [44]. 

Lemma 5.14. (Lunardi [44]; // u e C2+°'i(il/ x [0,to]), then DijV e C"'t(Af x 
[0,to]). 

The following optimal regularity theorem in a domain 51 is a part of Theorem 
5.1.13 in Lunardi's book [44] for a linear parabolic equation 

(5.18) Ut = a'^^Uij + b'-Ui + CU + f. 
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Theorem 5.15. (Lunardi [44]j Let il be an open set in i?" of uniformly C^'" 
boundary. Let f e UC{nx[0,to])nC°''°{nx[0,to]) be such that f{t, x) = for every 
t G [0,to] o,iT-d X e dil. Suppose that the coefficients a*-', &* and c belong to C"(f2) 
with < a < 1, and a'^ satisfies Aj^p > a'^^.^j > A|CP > for any ^ e i?"\{0}. 
If uq 6 C'^(Q,), then (|5.18p /las a unique solution which belongs to C([0,T] x ft). 
For every e G (0,to] there is C such that 

C 

(5-19) ll"llc2+°.i(nx[c,to]) - ^f+i (I'"oIl=^(o) + \.f\c^."{fix[o,to]))- 

If also Uq G C^'"(ri), t/ien t/iere exists C such that 

(5.20) Il"llc2+°.i(nx[o,to]) - C"(|'Uo|c2,»(o) + l/lc°.o(ox[o,to]))- 

Since M is compact, it can be covered by a finite number of cliarts {i^p}. Let 
r]p{t) € C^(yip) be a partition of unity subordinate to tlie charts {f^p}- We assume 
Uq G C^'"(n) and consider the following equation for rjpU 

{ripu)t - a'^ {Vpu)ij - b' {ripu)i ~ crjpU 
= f = Vpf - 2a*^ [(f?p)iu]j - a''\rip)tju + Vu{rip)i in Vlp. 
Since /|aap = 0, applying Theorem 15.151 with 51 = fip, we have 

||??pw||c2+c».i(npx[o,to]) - C{\'^o\l°°{m) + l/lc°.o(npx[o,to]))- 
Combining all estimates in each ball and using the Holder inequality, we obtain 

(5.21) ||u||c2+«.i(j\/x[0,to]) < C'(l"lcO(Mx[0,to]) + l'«o|c2.°(M) + l/lc°.0(Afx [0,to]))- 

For any / G C"'"(Af x [e,io]) we can choose a smooth sequence fi which converges 
to / in C°''^{M X [e,to])- Then by the classical existence theory (see [12), one has 
a unique solution Ui G C^+"'^^t of (|5.18p for each fi. The maximum principle 
implies that |u|(7(jvfx[o,to]) has a uniform bound. Consequently, one can derive the 
solution of (|5.18p from the compactness of ui. The uniqueness of the solution also 
follows from the maximum principle. In conclusion, we obtain: 

Theorem 5.16. Let f G UC{M x [0,<o]) n C"'°(M x [0,to]) and uq G C^'^iM). 
If the coefficients a'-', 6* and c belong to C^^M) with < a < 1, and a*^ satisfies 
A|^|2 > a^J'C^O > Mi? > for any ^ G i?"\{0}. Then ({51^ has a unique solution 
u G C2+"'i(M x [0,io]) on M, and 

l|w||c2+°'i(Mx[0,to]) ^ C'(l"o|c2.°(A/) + l./lc°-O(A/x[0,to]))- 

5.4. Short time existence of the linearized equation. We now prove the short 
time existence of the linearized equation by using the contraction mapping theorem. 
Since the complex Laplacian is a real operator, we prove all a apriori estimates in 
the real coordinates. 

Since the coefficients of the leading terms depending on t create some prob- 
lems, we freeze these coefficients and analyze the corresponding modified equation 
instead. This approach is similar to [32] but more complicated, because of the 
pseudo-differential term in our equations. 

Before discussing the proof we recall the definition and some features of the heat 
kernel on a compact Riemannian manifold {M,g) in [9] [48] [26] [34] . Suppose that 
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p(A) e C°°([0,oo)) satisfies 



p(A)-0,A> 



4 ' 
™j(M) 
2 



Set p{x,y) = p{d{x,y)). On Af there exists a complete orthononial basis {/fc} of 
L'^{M), consisting of the eigenfunctions fk of A with eigenvalues Afc. Then the heat 
kernel is given by 



A:=0 

Proposition 5.17. (^08] [26] [34]^ As t ^ 0, the heat kernel has an asymptotic 
expansion 

K 



H{x,y,t) = ^-4^t-?cxp-^(p^t'=0fc +0(t^'+i)), 

k=0 



where K > ^ + 2. The expression is independent of K , and (pk are fixed functions 
constructed by Minakshisundaram-Pleijel. The heat kernel has the properties: 

(i) -A,)F(a;,y,t)=0. 

(ii) H{x,y,t) is smooth except x = y, positive and symmetric in x and y. 

(iii) /^^ H{x, y, t)u!"(y) = 1 for any t > and any x G M. 

(iv) \imt^oJMH{x,y,t)fiyY{y) = f{x) for any f € CO(M). 

(v) \H{x,y,t)\<Ct-^e-"^, ^ 

\V.Hix,y,t)\ < Ct-^^e-^^. 
In particular, these inequalities imply 
\H{x,y,t)\ < Ct-Pd-"+^P, 

\\/xH{x,y,t)\ < Ci"'^d"""i+2^, for some constant C and any p e (0, 1). 

(vi) The solution of §-Ap - /\<p = f £ C°{M x (0,io]) with ip{t = 0) = tp{0) e 



C°{M) is of the form 



(pix,t) 



H{x,y,tMy,0)Lo^{y) + 



M 



H{x,y,t~ s)f{y,s)uj''{y)ds 



JM 



(5.22) 



on (0,to] X M. 
Consider the modified equation 

Aw + Av — A^pV — Q = u{x, t) in Qt, 

A^Q = in Qt, 

^(O) = w. 



( dv 

dt 



Let a = V ~ w. Then the solution of the original linearized equation is obtained, by 
adding w to the solution of the following equations 

( dij 

— — Av + Av — A^pV — A^pW — Q — W ~ u{x, t) in Qt, 
A^Q ^ v'^Tfj in Qt, 
A^W = w'^'T.j in Qt, 
[ viO) = 0. 
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So we can solve (|5.22p with w = instead. Introduce the function space 

Z^{ve C2+"^°(A/ X [0,to])\v{0) = 0} 
with the norm — supQ<j<fjj \v{t)\Q2,c(^f^jy We define the fohowing operator: 

(5.23) V = T{v) = f f H{x,y,t^ s){Q + u~ Av + A^v}{y,s)uj''{y)ds. 

Jo J M 

Let f ^ J* Jj^jH{x,y,t- s)f{y,s)uj''{y)ds. 
Lemma 5.18. If f E C"{M x [0,to]), then 

\f\c°{AI) < Ctl~'^ sup \f\cO{M)- 
0<t<to 

Proof. From Proposition 15. 1 71 fv). it follows directly 

/ H{x, y, t - s)f{y, s)u;"- {y)ds\co(M) 
Jm 

< H{x,y,t- s)u}"ds sup |/|co(Af) 

Jo Jai 0<t<to 



< Ctl sup \f\co(M)- 



0<t<t 



□ 



Lemma 5.19. T is a map from Z to itself. 

Proof. Since v G Z, the Schaudcr estimate implies Q G C^+"'"(A/ x [0,to])- Hence, 
we obtain that Tv belongs to C^+^^i (A/ x [0, to]) and Tv{0) = from Theorem[5ll6l 

□ 

Lemma 5.20. T is a contraction map. 
Proof. We compute for any vi,V2 G Z 

\T{v{)-T{v2)\c^-..(M) = \ [ f [H{x,y,t-s){Q{vi)-Q{v2) 

Jo Jm 

+ (A^ - A)(wi -w2)}(y,s)]w"(2/)ds|c2,«(A/). 
According to Lemma 15.181 and Theorem l5.161 we obtain 

\T{vi) -T{v2)\c2.<'{AI) < Citl~^ sup |(3(wi) - Q(W2)|C2.°(M) 

0<s<to 

+ C2 sup |(Ay - A)(vi - U2)|c°(M)- 

0<s<to 

Since Q{vi) — Q{v2) satisfies 

A^[g(«l) - Q{V2)] - [Vl - V2fTfj, 

by applying Lemma 15.61 we have that the first term can not exceed 

CstJ"'^ sup - W2|c2.»(A/)- 

0<s<to 

By using the following identity 

(A^ - A)(i;i -V2) = - [ g%9%ds^Mvi - ^2)^, 



kl 
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and the condition ()5.12|) . we see that the second term can be estimated as 

|(A^ - A){vi - W2)|c°(A/) < C4S\vi - V2\c^.^(M)- 

Here 6 becomes smaller while to goes to 0. Adding all these estimates, we have 

\T{vi) ~ T(u2)|c2.°(A/) < {Cstl^'^ + C5S) sup \vi - U2|c2.°(A/)- 

0<i5<to 

Accordingly if and S arc small enough, T is a contraction with constant i . □ 

Therefore wc get a fixed point v that satisfies Tv = v £ Z hy the contraction 
mapping theorem. Lastly, we check that the fixed point is the solution of (|5.22l) . 
Obviously, there holds 



v = T{v)^ f f H{x,y,t~ s){Q + u- Av + A^v}{y,s)uj"^{y)ds. 
Ja Jm 

So we get 1; G C^"*""'^(M x [0,to])- Then after differentiating on the both sides, we 
obtain that v satisfies (I5.14[) on [0,to] x M on account of Proposition [5TT71 (vi). As 
a result, we conclude that 

Theorem 5.21. The linearized equations (|5.14p have a local solution v € (7^+"'^(Af x 
[0,to]) under the normalization condition ()5.7p . 



Remark 5.5. In Kruzkov-Kastro-Lopes |40| . they proved the following. Suppose 

n = R^, /i +/2, /i e B([0,r],C'3), /2 e B([0,T],C"), « > /? and u{t,x) G 
B{[0, T],C^^I^) is a solution of (i5T5| : then u G C'^^^+^J ^nd 

(5.24) sup < M[sup |/i|c2,^ + / {t - t)^ ^ sup |/2|c2,/3dT"] 
[o,t] [a.T] Jo [o,t] 

is satisfied for any < t < T. Note that in our linearized equation, u — Av + A^pV G 
C°([0, T], C") holds and Q G C°([0, T], C^) for any 7 satisfying 1 > 7 > a follows 
from Lemma 15.101 so their estimate is sufficient in our proof. 

In the next subsection, we are going to prove an a priori estimate of the solution 
of the linearized equation to make sure that the short time solution of this linearized 
equation can be extended to any fixed time t under the condition (j5.12p on tp. 

5.5. A priori estimates of the linearized equation. Suppose v is the solution of 
the linearized equations (|5.14p under the normalization condition (|5.7[) . Meanwhile, 
suppose that (p & Vg (see (|5.13|) ) satisfies 

f ^.log^-P 

(5.25) <^ dt ^uj^ ' 

Here P belongs to C"([0, T], C^^"(Af)). In this section, we will prove the following 
extension theorem. 

Theorem 5.22. For any T > 0, the equation (j5.14p with (|5.7p has a solution 

Since our potential ip belongs to C°([0, T], ?7), Lemma [5.81 implies that there is 
a sequence (p„ G C°°{Qt) such that 

<^„^^GC°([o,r],[/). 
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In the following lemmas, since the constants in all inequalities do not contain any 
derivatives of i-p more than max[o.T] \<it'~p\c"{M) + maxjo^T] IvIc2.°(m)j we omit the 
approximation process for convenience. 

Lemma 5.23. Ij v satisfies the following heat equation with the initial data tpo 

dv 
'dt 

v{0) = w, 



A^v = u{x,t) in Qt, 



then we have 

W^v'^'Wl.QT.g^ ^ C^iMllqT.g^ + II"II2;Qt.s^ + ll"'ll2;M,3^ + W'^Mll-M.gJ^ 
where C depends on n, (5t,Ao,Ao and the moduli of continuity of g^J on M. 
Proof. Since v = v — w satisfies the following equation with zero initial data 
dv 

— - A^v = u{x, t) + A^w in Qt, 
by the estimate we obtain 

Lemma 5.24. There exists a constant C depending on P such that 

(5.26) \ I \v\^dtu-<6\\y^v\\%,,,^^^+C\\v\\l,,,^^^+5^\\A^^^^^^^^ 

Proof. Using ()5.25p , we express the left hand side of the inequality in the statement 
as 



□ 



- H^A,(log-^-FK 
/ Jm ^ 



2 

V^H'log^u;J+ / vA^vXog-^-^uj^-- |t;pA^Pc.^. 

Therefore the lemma follows from the condition (|5.12p and the Cauchy-Schwarz 
inequality. □ 

Lemma 5.25. If v is the solution of (|5.14p . then we have 

\ \ Hd,^i<6\\^^v\\lQ^,^^ 

^ JQt 

(5.27) + C{\\v\^.^Q^,^^ + \\u\\l,Q^,g^ + ||u;||^;M,s, + I|A^i«|||m,sJ 

where C depends on n, Qt, Aq, Aq, P, |T|co(Qt) '^^'^ moduli of continuity of g]^ . 
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Proof. By using ()5.25|) . we calculate 



^ JQt ^ JQt 

1 C uf^ 

^ JQt ^ 

|V^i;plog^u;jAdt+ / « A^i; log A di 



Using the condition (|5.12p and the Cauchy-Schwarz inequality we get 



1 



By applying Lemma 15.231 to (|5.14p , we obtain that the right-hand side can be 
bounded by terms 

+ 5^C{\\v\\lQ^,g^ + \\u^-Q\\lQ^^^^ + \\w\\l 

■■.M,g^ + ll'^¥''"'ll2;M,g^)- 

Furthermore, Lemma 15.131 gives the bound of the above 

5\\^vV\\l,QT,g^ + C{\\v\\l.Q^^g^ + ||M||2;Q^,g^ + \\w\\l,M,g, + \\^vM\l,M,gJ- 

Therefore the lemma follows. □ 
Lemma 5.26. If v is the solution of (|5.14p . then we have 

(5.28) sup ||w||2;A/,3^ < Ci\\u\\L2(^Q^ + ||w||2;j\/,g^ + \\A^w\\2;M ,gj , 

0<t<T 

where C depends on n, Qt, Aq, Aq, P, \T\qo(^q^-j and the moduli of continuity of g^J . 
Proof. By using (|5.14p we calculate 

Jm Jai ^ JM 

M ^ JM 

Applying Lemma 15.121 and Lemma 15.241 we get 

^ J M 



ALg^ + \ m\2:AI,g^ 



M 

+ '^IIV^HlL.s. + C\\v\\lM,g^ + S^W^^vWlALg^ 
< C(t)||«||^;M,g, + ll"ll2;A/,g, + S'\\A^v\\l,j^g^. 
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Then the Gronwall's inequahty imphes 



i^\\v\\i,M,9. < e^°''^'^'\\vm\\iM,9. + / II^IIW. +'5'iiA^Hi^;M.,,d«: 



< C[^lkll2;M,g^ + \\u\\lQ^,g^ 

The last inequality follows from Lemma [5.231 Therefore (|5.28p holds, if we choose 
i5 small enough so that S^C < j. □ 

Lemma 5.27. If v is the solution of (|5.14p . then we have 

(5.29) \\y^v\\lQ^,g^ < CiMlQ^^g^ + IMi^^g^ + \\A^w\\l,j^J 

where C depends on n, Qt, Aq, Aq, P, \T\qo(^q^^ and the moduli of continuity of gl^ . 

Proof. Using (|5.14p we have 



I^'^'^II2;Qt ^ 



wA^uw^Arff^ / {-v^ + vQ)ujI h dt + I vuuj'^Adt 

Jqt Jqt 



10 JM JQ 

^-hi an7;i2- .'n A J4 / i„,i2 

Then applying Lemma 15.131 and Lemma 15.251 we have 



f dt{\vYu'^)hdt- \v\'dtLo:;Adt]+ I v{Q + u)ulhdt. 

Qt JQt 



\^M\1,Qt < \\\M\l,M.g^ + ^\\^v'"\\l,QT,g^ + C{\\v\\lQ^ g^ + \\u\\l.Q^ g^ 



2' 

+ \MIm,9, + \\^vM\lM,g,) + CmW.Q^^g, + M^Q^.g,)- 

Consequently, we get to the following estimate 

\\^v'"\\%QT,g^ ^ C^iMllQT.g^ + ll^ll2;A/,s^ + W'^^wWl.MgJ, 

provided that S < ^. □ 

Proposition 5.28. (Energy inequality ) If v is the solution of (|5.14p . then we have 
that V is uniformly bounded in V2{Qt); 

\Mv2iQT) = sup ||w||2;M + ||Vu||2-Qr < C'ilklbiAf + ||AyU;||2:A/ + ||w||2;Qr]> 
0<t<T 

where C depends on n, Qt, Ao, Aq, P, |r| c''(Qt) ^"'^ moduli of continuity of g^^ . 

Proof. One can triangulate g and g^p at the same time in the normal coordinates 
such that gq = Sij and g^^ — Sij + ipij. Then we get 

^ + Vil ^ + Vkk \ 

since Ag < g,^ < Ag. Accordingly, 

\\^M\l,M,g^ = / 9%9^iwaw^rjUjl 

JM 

is equivalent to ||A^w||2.jv/g. Analogously, | |Vti| |2;M,g^ and ||w||2;M,g^ are equiv- 
alent to ||Vi;||2;M,3 and ||i'||2;A/,g respectively. As a result we combine (|5.28p and 
(|5.29p with the conclusion above to obtain the energy inequality. □ 
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We introduce the following imbedding theorem ([42] Page 77). Let m = 2n be 
the real dimension. 

Theorem 5.29. (Ladyzenskaja, Solonnikov and Ural'ceva |42] ) Ifv e V2{Qt), one 
has the imbedding estimate 

\'"\w'--{Qt) < C'|w|v'2(Qt) 

for 

C = 2/3(r,n,g) + r^y-5+i 
and q, r satisfying the relation 7 + ^ = x with 

ire[2,^],qe[2,^]form>2; 
Ire [2, 00] , g G [2, 00] for m = 2. 

The Sobolev imbedding theorem states: 



Theorem 5.30. (Ladyzenskaja, Solonnikov and UraVceva Suppose that v G 

P 



W^^'^{Qt)-,P > l,m > 2 andQ <r + 2s = ^. <2k. 



If {2k ^f^)p<m + 2, then DtD^v G X^Qt) for q = 

i/ (2A: - > m + 2, t/ien DfDlv G C"(gT) /or a = {2k - /i) - 23±2. 

These imbedding theorems and the energy inequality imply the following esti- 
mate by the standard bootstrap method. 

Lemma 5.31. There exists a positive constant C such that 

|w|pi + „,i + o^Q_^^ < C{\\w\\w^.p^M) + l|w||p;Qr)- 

Proof. Owing to the energy inequality, Proposition 15.281 we have v G V2{Qt)- 
Then the imbedding theorem, Theorem 15. 29[ implies a uniform LP{Qt) boimd for 

2(m+2) . 

p = — I.e. 

M\lp{Qt) < C\\v\\v2iQT)- 

According to Lemma 15.131 we obtain that Q has uniform LP{Qt) bound, i.e. 

\\Q\\L.(Qr)<C\\v\\L.iQ^). 

Then the parabolic theory tells us v has uniform Wp'^{Qt) bound; i.e. 

II"IIw^''(Qt) - '^(IMlHQt) + II'9IIlp(Qt) + \Mlp{Qt) + \\w\\w-P{M)) 
< CilMLPiQT) + II"IIlp(Qt) + \\w\\w^,p(M))- 

The Sobolev imbedding theorem. Theorem 15.301 implies 

for pi = i!ri±^ = 2(,»+2) 

Analogously, we get Q G LP^{Qt) and w G M^pj'^(Qt)- Repeating the similar 
process, we derive pk = ^^4^^ > m + 2 for some step k. Then according to the 
Sobolev imbedding theorem, Theorem l5.30[ we have 

Thus the lemma follows. □ 
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Proposition 5.32. There exists a positive constant C such that 
I''^Ic2+°.i(Qt) < C'(k|c2,o(M) + sup |m|c°(M))- 

[0,T] 

Proof. Because of Lemma one can select a sequence fn € C°°{Qt) and T„jj € 
C°°{Qt) such that ^„ ^ ^ e C°([0,r],C2'") and T„j ^ T^j e C"([0, T], C"). We 
omit the standard approximation argument in the sequel of the proof. Since M is 
compact, Al can be covered by finite number of balls {Bp{2r)} with radii 2r. Let 
< ??p < 1 be a smooth partition of unity subordinate to the covering {Bp{2r)}. 
Since Tjj is a harmonic tensor, using ()5.6p we have 

Now on each ball B{2r) e {Bp{2r)}, we calculate 

(5.30) A^{t]Q) = [r]v'T,jY - ifv'T,j + A^ijQ + 2V^7?V^Q. 

Then the Schauder estimate for the first derivatives in |35| (Corollary 8.35) provides 
us the following estimate 

sup |??Q|ci.°(S(r)) < C(SUP \Q\c«{B{2r)) + SUp | w'TiJ | C° (B(2r)) 
[0,T] [0,T] [0,T] 

+ sup I - v^v'^Tq + A^TjQ + 2V^7;Vy(3|co(B(2r))- 

[0,T] 

Combining these estimates on each covering and using the interpolation inequality 
for the Holder space, we obtain 

(5.31) sup |(5|ci.°(M) < C(sup |Q|o:A/ + sup \v\c^.c(^M))- 
[0,T] [0,T] [0,T] 

Since r/v satisfies (j5.30p on the ball B{2r), the L°° bound of Q follows from Theorem 
8.16 in for some q > n 

snp\vQ\ < C{\\r^v'T,j\\L.^B,^) + \\ - v'v'T,] + A^r^Q + 2V^vV^Q\\^^^^^^^) 

<C{\v\c^{B,r) + \\Q\\^.^^^^^ + \\yQ\\^.^^J. 

Note that the interpolation inequality for the Sobolev space implies 

moreover, the LP estimate of (|5.6p gives that 

Combining the above estimates, we infer that 

(5.32) ma^\Q\<Y, S^i^^\VqQ\<C{\v\cHM) + \\Q\\^i,j^^ 
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Plugging Lemma [5.311 and ()5.31|) in Theorem 15. 16l we obtain 

sup \dtv\c^(M) + sup |w|c2,»(A/) 
[0,T] [O.T] 

< C(sup |Q|c°(A/) + |w|c2,c(M) + sup |u|c°(j\/)) 

[0,T] [0,T] 

< C(sup |Q|o;M + sup |u|ci,°(M) + |w|c2,°(A/) + sup 

[0,T] [0,T] [0,T] 

< C(sup |Q|o;M + \w\c2.a.(M) + sup |u|c°(M))- 

[0,T] [0,T] 

Then (|5.32p gives the bound of the right-hand side 

C(e sup \v\c2(M) + |w|c2-°(A/) + sup |u|c°(A/)) 

[0,T] [0,T] 

which implies the estimate of v 

(5.33) sup \dtv\c''(M) + sup |w|c2,»(m) < C'(|w;|c2,»(m) + sup |u|c-(a/)) 

[O.T] [O.T] [O.T] 

provided Ce < i. □ 

Proof, (proof of Theorem I5.22p Now we complete our proof of Theorem 15.221 by 
contraction. If the time of existence cannot be extended beyond some < T, 
then the C^'" norm must blow up at time tg- This contradicts the a priori C^'" 
estimates, Proposition 15. 321 we derived. □ 

Finally we consider the time regularity of the solution. 

Lemma 5.33. Let w e C^'" and u e C°([0, T], C^^"). Then the solution of (|5l4l) 
stays in 

C° ( [0, T] , C^'") n ( [0, T] , C") . 

Proof Choose two sequences w,, € C"+'(M) and u„ e C°([0, T], C"+'(A/)) for 
< e < 1 — Q; such that 

Wn^we C"(Af) and u,, ^ u G C°([0, T], C"(M)). 

According to Theorem 15. 21l and the estimate (|5.22p . for each n there exits a solution 
Vn e C2+"+''i(M X [0,r]) of the linearized equation 

dv 

A^Q{v) = v'^T.j in Qt, 

V{0) = Wn- 



A^v - Q{v) = Un in 



It is directly verified that u„ e C°([0, T], C^-") n C'^{[0,T],C"). Moreover, (IQ^j) 
implies for any t, s € [0, T], 

sup \v„i - f„|c2,»(A/) < C{\Wjn - W„|c2, = (A/) + SUp \u„i - M„|c°(A/))- 
[0,T] [0,T] 

From this we immediately conclude that is a Cauchy sequence in C''([0, T], C^'"). 
Hence we obtain v e C°([0, T], C^'") and the lemma follows from (fOI)) . □ 
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5.6. Regularity of the pseudo-Calabi flow. We start with recalling an interior 
regularity theorem for the linear equation in [42] and [43]. Let Q = AI x {Ti,T2) 
and Q' = M X (Tg, T4) C Q, where < Ti < T3 < T4 < T2. 

Theorem 5.34. (LP interior estimate [ISjgS]; Let u G Wi^'^'^{Q) for some p>2 
be the solution of the linear equation ()5.18p that satisfies the following conditions 

a^'Uj > A|eP > for any C G i?"\{0}, 
|a'''|vi/fc,oo(Q) + |6*|vi/fc,=o(Q) + |c|vK'=.°°(Q) < M 

and 

|a«(.Y)-a«(y)|..(li^) 

for some positive constants A and M and a positive, continuous, increasing function 
UJ with w(0) = 0. Then for any — Ti > e we have 

|w|w"=+2.p(Q') < C{k + 2,7i,p, A, A'/,e)(|'u|ip(Q) + \ f\w>'.p(Q))- 
Consider the linear parabolic equation of divergence form 
(5.34) ut = gP'iupg + h'ui + cu + f. 

Here gpq is a Kahler metric and gtj for 1 < i, .7 < 2n is the corresponding J-invariant 
Riemannian metric. Similarly to Theorem 15. 161 we can generalize the first part of 
Theorem 15. 151 on a Riemannian manifold Af. 

Theorem 5.35. Let f G UC{M x [0,to]) n C"'°(M x [0,to]) and uq G C°(M). // 
the coefficients g^-' , V and c belong to C°'{M) with < a < 1, and g^^ satisfies 
A|^P > g^J'^^j > A|CP > for any ^ G i?"\{0}. // uq G C°{M), then (l534l) has 
a unique solution which belongs to C{[0,T] x il). For every e G (0,to] there is a 
constant C such that 

||w||c2+°^i(Mx[e,to]) < C{e){\uo\ca(^Ai) + \f\c«-"iMxlO,to]))- 

Denote Qt^ = M x [e, T] where < e < T; we have the following result. 

Proposition 5.36. The C^'^QtJ H C°{[e,T],C'^{M)) solution of the pseudo- 
Calabi flow belongs to 

C°{[e,T],C^+"{M))nC^{[e,T],C"{M)). 

Proof. Since we assume (p G C^{Qt,), applying the L^ estimate to the equation 
p.6p with the normalization condition p.7p . we have for any 1 < p < 00 

Pg C"([e,T],H/2,P(^/)). 

Then the embedding theorem implies that P belongs to C"([e, T], C^'"(A/)). 

In order to obtain a higher regularity, we consider the equation in a coordinate 
chart {(\l,Xk) for 1 < fc < 2n, and select a direction = gfr in the tangent space 
TrM . We define the difference quotient of (/s at a; in the direction Cfc as 

_ Lp{x + pek,t) - (p{x, t) 
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Taking the difference quotients of both sides of the equation (|5.1|) . we obtain 

dipp _ h{x + pek,t) - h{x,t) P{x + pek,t) - P{x,t) 

(O-oO) — 1 

ot p p 

^ logg(a: + pefc,t)-logg(x,0 ^ P{x + pek,t) - P{x,t) 

P P 

1 wl{x + pek,t) 1 uj^{x + pek,t) , ^ 
= - log ,^ log — -T + dkP{x + ?9efc,t . 

p UJ^(X,t) p UJ^'(X,t) 

We can see that the second term is smooth and the third term belongs to C^iQrJ- 
Now we deal with the first term. In the local coordinate chart {U,Xk) for 1 < 
k < 2n, we can choose some smooth real valued function such that cj = ^'^^ ddip. 
Then the first term can be expressed as 

1 , + psk, t) 1 dct{g,j + tpfj){x + pek,t) 

— log — = — log 

p p dct(5- +(p-)(a;,t) 

= -pj, |l°gdet(g,,5)d0 

where g^pg = 9g^p{x + pcfc, t) + (1 - 6)gp{x, t) and t/jp = ^(-^+P<^k,t)~4>{xJ) ^ Since 

' g%deeC"{QT.) 
is uniformly elliptic and dkP G C°((3tJ; Proposition 15.341 implies 

for any p > I. After letting p 0, we get in W^'P{QtJ- The imbedding 
theorem further implies G C^'"{QtJ- So we have 

(^e C°([e,T],C2+"(Af)). 
Since P e C°([e, T], C^'"(M)), by using the equation dCT]) we have 

5t^eC°([e,r],C"(Af)). 
Hence the proposition follows. □ 

Proposition 5.37. The C^{[e,T],C^+°'{M)) n C^{[e,T],C°'{M)) solution of the 
pseudo-Calabi flow equation belongs to C°°{M x [2e,T]). 

Proof. LemmaEHimplies P e C"([e,r],C2+"(A/)). Then we have 

dkP e C°([e,T],C"(Af)) and a'^ e C°([e, T], C"(A-/)). 

We consider the equation by freezing the coefficient of (|5.35p . 

(5.36) ^ = A^, + - g^)^p^. + g%d9i^p^. 

~ - log ^TT-;^^ + ^kP{x + -dek^t). 
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Therefore, we obtain dkif € C°([e, T], C2^"(M)) by Theorem EM] and the condition 
(|5.12p in each coordinate chart {U,Xk)- Moreover, by using (|5.35p we deduce that 

ft^e C°([6,T],Ci^"(M)). 

Repeating the same process again and again, we have 



2P 

p=0 

for any q = 1, 2, • • • . Then taking the derivative of (|5.ip with respect to variable t, 
we have (p £ C"^ {[2e,T], C°° (M)) . By iteration of this procedure, the proposition 
foUows. □ 

Since e can be arbitrarily small, we have the following theorem. 

Theorem 5.38. The C° ( [0, T] , C^+°' {M))r]C^ ( [0, T] , C" (M) ) solution of the pseudo- 
Calabi flow equation in fact belongs to C°°{M x (0,T]). 

Remark 5.6. The proof still holds if one uses the estimate (|5.24p instead of Theo- 
rem EUSl 



6. Long time existence of the pseudo-Calabi flow 

In this section we shall use C,; for i = 1, 2, • • • to distinguish different generic 
constants. 

Theorem 6.1. Let T be a finite time. If gip{t) is a solution of the pseudo-Calabi 
flow with Ric^p{t) uniformly bounded for all time t € [0,T], then the pseudo-Calabi 
flow can be extended past the time T . 

Proof. Because of the short time existence theorem, we know that the pseudo- 
Calabi flow can be restarted at time T if the solution then belongs to C^'"(M). 
Theorem 16.11 will thus follow from the a priori estimates that we shall present in 
Proposition [niHl D 

Lemma 6.2. Suppose that along the pseudo-Calabi flow, there holds Sip{t)dt > 
— Ci for some constant Ci. Then there exists a constat C2 depending on Ci, T and 
svlY>m log such that 

sup h < C2. 

M 

Proof. Since the t integral of the scalar curvature is uniformly bounded below, and 

dth = A^dtf = -S^ + S_, 
then supj^/ h < Ci + sup^/ h{0). □ 

Denote the average of ip with respect to a; by <^ = Jj^^ ipui" . 
Lemma 6.3. There exists a constant C3 such that 

M ~ 
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Proof. Since Ai^ + n > 0,Vt > 0, using the Green representation we have 

V 
1 



IM 

<nl / G(x,y)u;"(y). 

IM 



Since < G{x,y) < ^(^^ yyi^-i , we have 



sup {(p-(£)<C3=n^ f G{x,y)oj''{y). 

xfO,Tl y Jm 



Mx[0,T] 

□ 

The lower bound of the normaUzed potential is obtained by Yau's C° estimate. 

Theorem 6.4. (Yau [SS]j The lower bound of ip — (p is controlled by the upper 
bound of h, 

(6.1) inf -Lp)> -C^e^' ™P'-^ 
Here C5 and Cq depend only on u and sup^y^(iy9 — Lp). 

Theorem 6.5. (Chen-Tian [20] ) Suppose Ric^ is bounded from below, then 

(6.2) mih> -ACje^^^+^M h^"^) , 

M 

Combining Lemma 16.21 and (|6.2p , we get the uniform bound of h: 

(6.3) sup \h\ < C2 + 4C7e2(i+t^^^). 

M 

We deduce the lower bound of the average of ip by the normalization condition. 
Lemma 6.6. The following estimate holds 

inf w > p(0)+TMh. 

[0,T]— — M 

Proof. Due to the normalization condition e^w" = Vol, we apply the Jensen's 
inequality to get 

Pw" < 0. 

M 



So we obtain 

a 1 r dip 

hi dt V Jm 



9t- V 



f = - f (h- P)io" > inf h. 



Similarly, we get J^^^ /iw" < since e''w" = V . Therefore the lemma follows 
from inf A/ /i < 0. □ 

Plugging the above lemma and Lemma 16.31 in (|6.ip , we get 

infG9> -C5e'^«""P"'' + (/3(0) + rinf/i. 

M — M 

Then by (|6.3p we have that 93 is uniformly bounded below. On the other hand (|6.ip 
further implies that for a fixed point p G M 

< inf + Cse^^ ""P^^ < (^(p) + Cse^^ ™p^^ 
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So the upper bound of ip follows from Lemma [631 i-e- 

sup if <(p + Cz■ 
M ~ 

Theorem 6.7. (Chen-He |18| ) Suppose that the Ricci curvature Ric^ is uniformly 
bounded above. Then there exist two constants Cg and Cg such that 

n + A^< Cge^^-o^"" 

Working with normal coordinates, we have 



1 



So the metrics are all equivalent, that is 

r<^^„-Cll OSCM ip~OsCM h < „ _ < Ccp'-^^ OscA/ _ 

By the Ricci curvature bounds 

we have that Aft, is bounded; namely 

-C2(n + A^) + 5 < Aft = + 5 < Ci(n + A(p) + ^. 

This together with the fact that sup^^^jQ \h\ < C implies that ft S ly^'^(Af) for 
any p > 1 and t S [0, T]. Then the Evans-Krylov estimate [33] [41] shows that (p has 
uniform C^'" bound. The argument we made so far is summarized in the statement 
here below. 

Proposition 6.8. Let T be a finite time. If g^{t) is a solution of the pseudo- 
Calabi flow with Ric^{t) uniformly bounded for all time t S [OjT], then there exists 
a constant C depending on T such that supjg j,^ \Lp{t)\(j2.a: < C for some < a < 1. 

7. Pseudo-Calabi flow in the space of Kahler metrics 

Suppose that ip{t) for < f < T is the solution of <{i.A\ given by Theorem 15.11 
and T is the maximal existence time. In this section, we consider the following 
system of equations, 

-^^log-^-P(^)-ft + P, 
\ A^P{^) = tr^Riciuj) - S, 

with the normalization condition 

e^c." - / e^+^+^-^c." = Vol{M). 

M JM 

Here ft = y /^^^ log ^w^, and P = /j^^P(V')w^. Actually is obtained by 

replacing if with 

^(p+ f (-ft + P)ds 
Jo 

in p.Sp . Since dtl{ip) = Jj^j dttpuj^ = (see p.ip ). if we further assume /(<po) = 
then tj; always stays in IKq. 
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We assume that M admits a cscK metric to. We choose w as the reference metric. 
Then wc shall show that if ipQ is in a sufficiently small neighborhood of the zero 
function, then Lp{t) can be extended and lo^ always stays in a small neighborhood 
of uj. Before we go into the details of the proof, we cite the theorems we will use 
later. 

Recall the explicit form of if-energy in Chen [10] and Tian (52] 

Mv) = Yr I log ^< + T-TTW ^ / ^^""^ ^ (dd^y 

V Jm ^ V f-'^ [i + l)l{n - i)l J M 



^ n— 1 



.n— 1 — -i 



V ^ (i + l)\(n~i~ 1)! 



ipRicAuj''-'-' AiddifY 

M 



So the if-energy is well defined for any L°° Kahler metrics. Its derivative is 



Jm ^ I"- ^ -Lj! JM Jm 

Here v is the infinitesimal variation of Lp. 
Chen-Tian further proved that 



VUJ,, 



Theorem 7.1. (Chen-Tian |22j j Let M he a compact Kahler manifold with a cscK 
metric cu. Then h'ujiip) > for any if with lo^ > 0. 

They also proved the uniqueness of the extremal metrics. 

Theorem 7.2. (Chen-Tian |22j j Let (M, [lo]) be a compact Kahler manifold with 
a Kahler class [uj] e H^{M,R) n H^'^{M,C). Then there is at most one extremal 
Kahler metric with Kahler class [uj] modulo holomorphic transformations. Namely, 
if uii and UJ2 are two extremal Kahler metrics with the same Kahler class, then there 
is a holomorphic transformation a such that uji ~ cr*uj2. 

7.1. M admits no holomorphic vector field. Suppose that (p is the solution of 
(17.11) and T is the time when 



(7.2) |^|c2.o < ei for alH e [0,T]. 

Letting tg be a small time, we apply Theorem 15.381 to obtain the higher order 
uniform bound of ip; namely 

|V'.|c'=.= (A./) <C{k,ei,g,to) for alH e [T^to,T + to]. 
Then wc introduce the space 

S = {V'll</'lc2.° < ei; Iflc^^iM) < C{k,ei,g,to)}. 
Clearly, G §. In this subsection we are going to prove the following theorem. 

Theorem 7.3. Assume M admits a cscK metric ui and has no holomorphic vector 
fields. For any ei > 0, there exits eo > such that if [(po[c^.a(M) ^ ^o- the lifespan 
of the solution is T ~ oo and we have that ji/'lOb.ct < ei for all t G [0, +oo). 

Proof. Suppose that the conclusion fails, then there must exist a sequence of initial 
data such that 
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By virtue of the short time existence Theorem 15.11 we get a sequence of solutions 
ips{t) satisfying the equations ()7.ip with ips{0) = 93°. Let Tg be the first time that 

(7.3) |V'«(r,)|c2,« = ei and |^,(t)|c2.= < ei on [0,r,). 

According to Theorem 15.31 we have that inf ^ Tg > uniformly and there is a 
uniformly small time <o such that 

Moreover, from the regularity Theorem 15.381 '^c obtain the higher order uniform 
bound of the sequence of the solutions 

(7.4) li^slc^.^iM) < C(fc,ei,.g,io),Vt £ [T, - *-^,Tg + |]. 

Therefore we can choose a subsequence of (jig = ^s{Ts)] we use the same index for 
convenience, so that 

^ 4>oo in C'''",yk > 0. 
Since (j7.3p still holds in the limit, we have 

(7.5) |0oo|c2.° = ei- 

Note that the X-energy is well defined along ipsit). By using Theorem 17. II and the 
decrease of the K-energy along the flow, we conclude that 

o< i^^(0s) < vu.{ipsm < - 

S 

which implies 

lim lyuiiips) = v^ii^ao) = 0. 

s— f 00 

So Theorem 17.21 implies that (p^o = const. Furthermore from I{(t>oc) = 0, we deduce 
that (poo = 0. This contradicts (|7.5p . □ 



Since |'!/'(0lc2'° ^ is uniformly bounded, we have that |V^(t)|pfc < Ck for any 
A: > 3 away from t ~ 0. Similarly to the argument above, for any sequence ti we 
can extract a subsequence (still denoted by V-'t J such that ip(tj) converge to a limit 
function ipao in C°° norm. Also the limiting metric is a cscK metric. Since 
we assume that M admits no holomorphic vector field, according to Theorem 17.21 
we deduce that ipca = from the normalization condition I{tpoo) = 0. Therefore 
the pseudo-Calabi flow converges to the original cscK metric, since ti is chosen 
randomly. In conclusion, the picture in the space of Kahler metric !Ho is that the 
pseudo-Calabi flow will shrink to the unique cscK metric if the initial potential is 
close around it. 

7.2. M admits holomorphic vector fields. When M admits holomorphic vector 
fields, the contradiction argument is much more sophisticated. We denote the subset 
of 3^0 tbat contains the potentials of all cscK metrics by 

£0 = {p e C°°(M, R)\a*uj = uj+ ^^^^ddp and I{lp) = for any a e Auta{M)}. 

Mabuchi }46j proved that it is a finite-dimensional totally geodesic submanifold in 
IKq. Then for each ip G J-Cq, there exists a unique p that minimizes the distance 
from if to J{oi i-C. 

dist{ip, p) = dist{ip, £0). 
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Meanwhile there is a cr G Auto{M) such that a*ujip = uj + ^^^^dd{tp{(T) + p) G [io]- 
We assume "0(0) stays in the complement of 'Kq; otherwise the flow keeps fixed. 
Furthermore we can assume that po = 0; if not, we can replace the background 
metric lj with . 

Lemma 7.4. There exists a small constant e and a positive constant C2 such that 
if p satisfies d{0,p) < e, then \p\(js,.c. < C2e. 

Proof. In the Riemannain manifold £0, any small e neighborhood near p = can 
be pulled back by the exponential map expo to the tangent space To(£o) near 0. 
Denote tjj = expQ^{p). Note that all norms on a finite-dimensional vector space are 
equivalent, so the norm induced by the distance on Tq{£,o) is equivalent to the C^'" 
norm (here the point in To(£o) is also a function on M). So d{0, p) < e implies that 
\expQ (p)|c3,Q is bounded by Cie. Furthermore, let e be small enough such that ip 
is a diffeomorphism in the e neighborhood near p = 0; then there exists a constant 
C2 such that |p|c3'° < C2e- Hence this lemma follows. □ 

Remark 7.1. In fact, we can improve the above conclusions in Lemma 17.41 for C*"' 
of any fix fc > 0. 

Lemma 7.5. Suppose that \(p\c2,c, < ei for some small constant ei depending on e. 
Then there exists a constant C depending on ei such that |p|c3.a < C and \a\h < C. 
Here h is the left invariant metric in Aut(M). 

Proof, we define a path by ~ tf — li^f) € £0 for < f < 1. It is obvious that 
this path stays in Mq. Then since 1(^1(^2. c < ei, we have 

d{0,^)<L{^,)= j\j^{^fwlY^dt 

= (\ ( {^-dtI{t^)fujl)Ut<C3ei. 
Jo Jm 

Moreover, since p realizes the shortest distance from ip to Dig, by using the triangle 
inequality we obtain 

d(0,p)<d(0,vp) + d((^,p) 
(7.6) < 2d(0,<^) < ^361. 

Applying Lemma 17.41 with e = C'^ei we have Iplc'*." ^ C2C3ei. Furthermore, from 
Lemma 4.6 in Chen-Tian [21], we obtain \a\h is also bounded. Here h is the left 
invariant metric in Aut{M). Therefore the lemma holds for some constant C. □ 

Now we prove the invariance of the K-eneigy. 

Lemma 7.6. j/(a;,a;(o--i)*(<p-p)) = i'{uj,ujip). 

Proof. Since the A'-cnergy is invariant under the holomorphic transformation, we 
get 

Then the 1-cocycle condition of the if-energy (Theorem (2.4) in [45]) gives 

iy{a*uj, uj^) = i^{ujp, uj) + i^{uj, uj^). 
Since both u and Wp arc cscK metrics, the lemma follows from u{ijjp^uj) = 0. □ 
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Lemma 7.7. For any e > 0, There exists a small constant a such that for any 
ip & §, if Vujif) < o, then \{a^^)* [ip — /9)|c2.o < £• 

Proof. If the conclusion fails, we assume there is a sequence tps with 

IV'slc^.^CA/.g) < ei, |'/'lc'=.°(M) < C'(fe,ei,g,to), v^{(ps) < ^ 

such that 

(7.7) \{a-^y{vs- Ps)\c-.^>ei. 

We denote (ps = (cr7^)*(Vs ~ Ps)- After making use of Lemma [731 and Lemma [7751 
we can choose some subsequence of ps such that 

Ps Poo G C' for any / > and v^iPoo) ~ 0. 

Therefore we have poo G £o by Chen-Tian |22) . And then (^oo G £o- 

We claim that d{poo,Poo) = 0. Otherwise there is some sufficient large N such 
that, for any s > N, the sequence d(ps,ps) = (i(v3s, £o) has positive lower bound. 
From the fact that the distance function is at least we have d{poo, £o) > 0, that 
contradicts p^a G £o- 

This claim implies poo = 0. But (|7.7p gives [(^oolc^-" > ei > 0. It is a contradic- 
tion. □ 

Remark 7.2. In fact, we can improve the above conclusion to get 

\{a-^)*{p- p)\c>^.c < e 

for any fc > 0. Then combining with Theorem 18.11 we can show that the solution 
will stay in a small neighborhood and exponentially decay to a unique cscK metric 
by directly obtaining the estimate of the solution. 

Remark 7.3. We use the theorem of Chen-Tian [52] that the cscK metric is the 
global minimizer of the i^-energy here. Actually, we only need a local version. I.e. 
the cscK metric is the local minimizer of the _fC-energy. That can be proved by 
using the non-negativcness of the hessian of the -RT-energy and the geometry of the 
critical submanifold. 

Theorem 7.8. Assume that M admits a cscK metric ui and has nontrivial holo- 
morphic vector fields. If {ipolc^'^iM) ^ ^o, then there exists a holomorphic transfor- 
mation g{t) such that g{t)*uj^^ stays in a small neighborhood of u. Moreover, for 
any sequence g^^ , , one can extract a subsequence g^^ . such that g* g^^ . converges 
to a cscK metric. 

Proof. According to the short time existence Theorem l5.ll we assume that T is the 
first time when the following holds 

\^\c2.. < £1 on [0,r) and \^p{T)\c2.. = ei. 

Now there are two cases. If ip{T) is a cscK metric, then the fiow will stop right at 
T and our theorem is proved. Otherwise, we will extend the flow as follows. By 
virtue of Theorem I5.38[ we obtain the higher order uniform bound of the solutions 

|V'lc''."(A./) <C(fc,ei,5,to),Vte [T-|,r+|]. 
So we have ^{T) e §. 
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Now we firstly choose eo small enough to guarantee 

Vcuilpo) < O. 

Since the X-encrgy is decreasing along the pseudo-Calabi flow, we get so 

Let a be the projection of ip(T) onto IKq. Then due to Lemma [7.71 we obtain 
(7.8) |(a-i)*(V(T)-pi)|c2.. <eo. 

Next we show the equation is invariant under the holomorphic transformation. By 
(|7.ip . ■0(0 ~ Pi is the solution of 



(7.9) 



^i; = log ^ - P(V + Pi) - log ^ + P(V + Pi), 



dt 



^/\:4,+p^P{ip + pi) = tr^,+p^Ric{uj) - S_. 



Note that is a cscK metric satisfying 
(7.10) 



llog^=P(pi), 

\^p,P{pi)^trp,Ric{Lo)- S. 

Letting Pi(i/' + pi) = P{tl: + pi) — P(pi), we have 

A^+p,Pi(V^ + Pi) = Av,+,, (P(V; + pi) - P(pi)) 

= tr^+p^Ric[uj) - S- A^,+piP(pi) 
= tr^+p^Ric{LOp^) - 5. 

From this we obtain new equations from t = T by combining (|7.9p and (|7.10p so 
that tpit) — Pi satisfies 



(7.11) 



f V = log ^ - Pi(^ + Pi) - log ^ + Piii' + pi), 
A^+pj Pi (V" + pi ) = tr^+pi Ric{ujp^ ) - 5. 



After taking transformation (cr ^)* of (|7.1ip we have ipi = {a ^)*(?/'(i) — pi) is the 
solution of 



(7.12) 



d 



^^.i = iog::^-Pi(V'i)-iog-^ 



^'i(V'i), 



A^jPi('0i) = tr^^Ric{uj) ~ S, 
^i(0)=7^(T)(a)-pi, 

with ((7^ and 

^^^(^^1(0)) < o. 

All averages in these equations are taken over Af with respect to the metric g^-^ 
in these equations. Theorem 15.11 implies that (|7.12p can be extended beyond T. 
Finally since ipiiTi) G §, we can repeat the same steps as before by induction 
till ips becomes a cscK metric at time T if T < oo. If not, we deduce that the 
pseudo-Calabi flow has long time existence and there is a sequence 

^,(0) = ^° = (ct7_\)*(^,_i(T,_i) - p,_i) 
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such that 

|V'°lc'= <C(fc,ei)V/>0, 

S^OO s^oo 

We further define 

s—l s—l s 

i=0 1=0 4=0 

Then wc obtain a solution iplt) for ah t > 0. In general, for any sequence {"0*^}: 

there is s such that X)i=o — — X]i=o Furthermore, writing gj — (11^=0 '^i)^^^ 
we have 

-w|c= < El and le'jW^t^. -wjc* < C(fc,ei). 

Therefore all metrics are equivalent and their derivatives are bounded. It follows 
that there is a subsequence (with the same notation) of g* g^^ . that converges to a 
limit Kahler metric ^oo which may depend on the choice of the sequence. Since the 
if-energy is bounded below, we obtain 

lim v{uj, ujjh^ ) = 0. 

It follows that is a cscK metric. □ 

Remark 7.4. Following the same argument in Chen-Tian }21| . we can extend the 
holomorphic transformation g to each t so that it is Lipschitz continuous in t. 

8. Exponential decay of the pseudo-Calabi flow 

Recall that ip{t) is the solution of (|7.ip and gcf, = g*gxp is the modified solution 
defined in Theorem 17.81 We have already proved that g^ always stays in small 
neighborhood of uj and converges to a cscK metric sequently. 

Definition 8.1. We call /-tensor the (1, 1) form locally given by f = [P,q + Kq — 
Rfj{uj)]dz'^ A dz^ ^ fijdz'^ A dz^ . 

Since Vmit-^aa St^ —5 = for arbitrary subsequence {tj}^ we have 

lim 5*4 — 5 = 0. 

Moreover, the uniform bound of \RTn{g^)\g^ gives rise to the uniform bound of 
\R'ni{g,p)\g^ ■ These facts are important to prove the exponential decay of the energy 
functionals. 

Lemma 8.1. The following formula holds 

(8.1) |l/^jv^p.;j = -2l/^^(L.v^,^).:^ 

^ Jm ^ JM 

Proof. Differentiating (|7.ip with respect to t we have 

(8.2) = A^t/- - P - A^,V} - A 
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Then we get 

On the other hand smce 

we obtain the Laplacian of [Vi/'p given by 

A^,|VV'|' = R'^^i^] + gil^i,^^^J + 4 V'.^v^j + IV-.jf + 

In the foUowing we use the upper index to represent the raise of the index by 
means of the metric . Then combining these two identities we have the following 
evolution equation, 



1 

" V 

(8.3) + ^ I iwi^A^v^: 



M 



Differentiating the second equation in (|7.ip we get 

So using p.Sp and the fact that — -P;j + Rij{io) is a harmonic form, we have 



Af JAf J A/ 



(8.4) = / ii-P'^ + R'^u)))A4'JUJ;. 

Jm 

Combining (|8.3p . (|8.4p with the following equations 

d 

ftj = Pt] - % and A^ — t/- = -A,^/ = -(S* - S), 

we obtain 

+ ^/ {-P» +Bfli!^)y<Ul^-^ I |V*|»(S-SK 

JAf JM 

Last we insert the Ricci identity, i.e. 

A/ JAf JM 
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into the above differential inequality and obtain immediately, 



^ -IM V JM 



V JM ^ JM ^ JM 



□ 



Since converges to a cscK metric, we have that both f and S — S_ tend to zero. 
As a result we deduce that for any small e, 

(8.5) ^1 lmf.;<-2^ + 4 1'^^l^-^- 

Moreover, the Futaki invariant implies that 



JM JM 



(8.6) = - / exms^sw; - - / {eximi'-.^; 

JM JM 

for any X =t d9x G rj{M). 

Let Lt be the Lichnerowicz operator. It is a positive semidefinite, self-adjoint 
operator and L(V = if and only if VV' =t is a holomorphic vector field. We 
are going to obtain the first eigenvalue of Lt with regard to the metric g^[t) first. 
We define the set 



At = {.f eC^{M)\ ( fi,; = 

JM 



M 



{dxWhhu'^ = o,vx =t ddxi4>) e viM)}. 



Then (|8.6p implies e At for /\^f^~S^ — S_. We further define 
X[c^) = inf {c\ f iVV/pc.;^ > c / iV/pc.;^} 

= inf{c|c</ IVV/IH'; / |V/|H' = 1}- 

We prove a similar lemma to Chen-Li- Wang |19j . 

Lemma 8.2. H^e /ia?;e the uniform lower bound of the Lichnerowicz operator Lt 
i.e. 

A > 0, > 0. 

Proof. We prove the lemma by the contradiction method. If the conclusion fails, 
then we can choose a sequence ts such that 

/ \^s^sfs\'cjl<X{<l>s) f \\7sfs\'u;l^- [ l^sfsl^Ojl, [ /s<=0 
JM JM * Jm JM 

and / {Ox{cPs)ydfs)iiol^QyX=tdex{ct>s)erj{M). 

JM 
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We further scale fs such that 

(8.7) / |v.v.MX<-J |vMX = i'/ /«<=o 

Jm ^ Jm Jm 



and / {9x{^sMfs)ju;l = 0,VX =t e 

J A/ 



Recall that Theorem 17.81 gives a subsequence of g^^ satisfying 
lim g{(j){tsA) = g{4>oo) in C' for any / > 0. 

J-S-OO 

Moreover, combining Ricci identity 



and by the uniform boundness of Ricci curvature we obtain 

/ ivv/.pc^^, <- + c{mc). 

This inequality together with (|8.7p and the Poincare inequality provides a 
weak convergent subsequence of fs such that 

/s ^ /oo in M^''^ 

In addition, the Sobolev imbedding theorem implies 

V,,/s Voo/oo hi and ^ /oo in L^. 

Accordingly, by the assumption we have 

(8.8) / iVooVoo/ool'w^ < liminf / iVooVoo/sl'wS 

<Climinf / iV.V./.pc^S =0, 



S~¥00 



lim / |V,/.pc.;^ - / I Voo/oo p^^^ =1, 
/a/ Ja/ 



hm / fsul = / f^uj;^ = 0. 
^^°°Jm Jm 

On the other hand we turn to the Futaki invariant. 



0= / X{fs)u:l^ / iexi<l)s)Ws)it^l^O 
Jm Jm 



for any X S i]{M^g^) which implies 



(8.9) 0= / X(/oo)c.S,- / ex(0co),/co^<. 

Jm Jm 

after taking limit. Notice that the complex structure is fixed, then wc have 

77(M,(7oo) = ??(Af,g(0.)). 
Together with (|8.9p it implies /oo does not belong to 



{ex{(^oo)\X =t 90;^ (0oo) e ?/(Af,5oo); / ^x(<^co)c^?^ = 0}. 

Jm 
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Consequently, we have 

(8.10) / |VooVoo/oopw^ > A / |Voo/ooP< - A > 0. 

JM JM 

That contradicts to (18.81) and the lemma follows. □ 



Since the eigenvalue A is invariant under the holomorphic transformation, we 
obtain the uniform positive lower bound of the first eigenvalue of g{'ip{t)). Therefore 
Lemma 18.21 immediately implies 

M JM 

Substituting this inequality into (j8.5p . by the Gronwall's inequality we obtain the 
exponential decay of the energy /ii, 

5.11) /iiW = ^ / Ivv-lH < /^i(o)e"'*- 



V 



Moreover the inequality (|8.1ip together with the Poincare inequality and the nor- 
malization condition 



M 



implies 

5-12) Mt)^^ I 1^1'^; < Mo(0)e- 



V 



M 



Furthermore, we can control the evolution of fj.i{t) = ^ Jm I^VP^^ by the follow- 
ing lemma. 

Lemma 8.3. For any I > 2 the following inequality holds 

dmit) < Cno{t)- 

Proof. We prove this lemma in real coordinates. Let / = (ii, • • • , ii), J = (ji, • • • ,ji) 
and g^'^ = g^^^^ ■ ■ -5''^'. Differentiating |V'?/'p with respect to t and using (|8.2p . 
we get 

||vVP = E^"'^ ■■■F'--- a^'^'^n,- ,p,- .ni^n,- ,3. 



= E^^'"' 5''''^^-- 

-t- gl^'{^.4,i>)ji>j - g'/Pi^j + g'/i;i{A^,^)j - g'/^iPj. 
Meanwhile, a standard computation gives 

A^IVVI' = Rrn * V'V- * V'^ + g'/iA^i;)i^j + gi^'i,i{A.^i>)j + . 
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Combining these two equalities, we obtain 

<C(e)/^i(t) + (Ce-lV/+i(t). 

The last inequality holds by the interpolation inequality. Then the lemma follows 
by (jS.lip when we choose e to be small enough. □ 

Together with (|8.12p Lemma 18.31 implies 



i / |vVIH<m;(0K 

M 



V 



for Z > by the Gronwall's inequality again. Since all glui^t are equivalent and the 
Sobolev constant and the Poincare constant are invariant under the holomorphic 
transformations, we deduce that has uniform Sobolev constant and Poincare 
constant. The Sobolev imbedding theorem implies 

(8.13) l^lcHs^) < Ce-'>K 

In view of the identity 



we have 

\m\c« < \m\co + ce-''- 

Now note that the potential and the Ricci curvature are uniformly bounded 

According to Chen-He's compactness theorem [TH], we obtain \ip\2,a is uniformly 
bounded. Moreover the higher order bound follows from Theorem 15.381 Conse- 
quently, (|8.13p gives rise to 

\i'-^^\c'{g^)<Cie-''. 

Hence combining with Theorem 17.31 and Theorem 17.81 we obtain the following 
stability theorem. 

Theorem 8.4. For each Kdhler class which admits a cscK metric lo, there exits 
a small constant eo such that, if \ipo\c^-'^{M) ^ ^Oj then the solution to the pseudo- 
Calabi flow exists for all times and converges exponentially fast to a unique cscK 
metric nearby in the Kdhler class [uj]. 

An immediate corollary is 

Corollary 8.5. If the pseudo-Calabi flow converges to a cscK metric by passing to 
a subsequence if necessary, then the limit cscK metric (depends on the subsequence) 
must be unique. 
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Remark 8.1. We hope our method of proving the stabiUty problem may be useful m 
other geometric flow problems. Since the pseudo-Calabi flow is just the Kahler-Ricci 
flow in the canonical class. By using the similar technique of the pseudo-Calabi flow, 
we shall prove the stability of the Kahler-Ricci flow near a Kahler-Ricci soliton in 
the subsequent paper [56]. Meanwhile, we prove the stability of the Calabi flow 
near an extremal metric in [38] . 

9. Further remarks and problems 

A Chen's conjecture [ij says that 

Conjecture 9.1. (Chen [14] ) A global C^'^ K-energy minimizer in any Kdhler 
class must be smooth. 

This conjecture has been proved in the canonical Kahler class via the weak 
Kahler-Ricci flow [15] [22] [23] [51] . In general Kahler class, the conjecture will be 
verified if one proves the following question: 

Question 9.2. (Chen Can the pseudo-Calabi flow start from a C^'^ Kdhler 

potential? 

In Subsection 123] we have obtained a partial estimate related to this conjecture. 
In the subsequent paper, we will relax the regularity of the initial Kahler potential. 

As we have proved, the pseudo-Calabi flow shares some properties with the 
Calabi flow; recall for instance Theorem 12.21 However, even in the canonical class 
Ci(M), they are extremely different. Within Ci{M) the pseudo-Calabi flow is 
precisely the Kahler-Ricci flow. The Kahler-Ricci flow has many properties such as 
the long time existence [5] and the Perelman's estimate [17] . Chen-Tian proved the 
convergence of the Kahler-Ricci flow on Kahler-Einstein manifolds [20] [21]. Later 
Zhu |53j extended their theorems to the Kahler manifolds which admit a Kahler- 
Ricci soliton. One may ask if the pseudo-Calabi flow inherits these fine properties 
of the Kahler-Ricci flow. 

Conjecture 9.3. (Chen [13] ] The pseudo-Calabi flow has long time existence. 

There is a conjecture in |14j saying 

Conjecture 9.4. (Chen [14]^ The existence of cscK metrics implies that the K- 
energy is proper in the sense that it bounds the geodesic distance. 

Inspired from this conjecture, one may generalize Theorem 12.31 to the following 
question. 

Question 9.5. (Chen [T^j On Kdhler manifolds admit a cscK metric, does the 
pseudo-Calabi flow converge to a cscK metric? 

Note that Lemma [7j4] provides a method to control the norm of the potential by 
its geodesic distance in the critical submanifold. 

Recently, Donaldson [31] [3^ [29] [28] proved the following theorem. 

Theorem 9.6. (Donaldson [31) ) // a polarized complex toric surface with zero 
Futaki invariant is K-stable, then it admits a cscK metric. 

Following the same line of Donaldson's theorem, one may ask 
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Question 9.7. (Chen [TSjJ Let M be a polarized complex toric surface with zero 
Futaki invariant. If M is K -stable, does the pseudo-Calabi flow converge to a cscK 
metric up to holomorphic diffeomorphisms? 

Actually, according to Theorem 12.31 the convergence up to holomorphic diffeo- 
morphisms in Question 19.71 implies the exponential convergence. 
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